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H. An Account of a Book y intitled^ P. D % Pauli 
Frifii Mediolanenfis, &*c. Difquifitio ma- 
thcmatica in caufam phyficam figurae et 
magnitudinis Telluris noftrae ; printed at 
Milan in 1752. infcrihed to the Count dc 
Sylva, and confifiing of Ten Sheets and a 
half in Quarto: By Mr. J. Short, F.R. S. 

Readjkn. 18, i.TTT may be laid down as a rule in 
1 753- J^ mix'd mathematics, " That the de~ 
f « termination of no phyfical quantity be carried far- 
" ther than the obfervations, or other mechanical 
<c meafures, can bear*}" left there follow this incon- 
gruity, of the conelufion being more extenfive than 
the premifes. It were abfurd, for inftance,, in the 
refolution of a triangle, to compute an angle to the 
exa&nefs of feconds, or a fide to centefms of an inch,, 
when, perhaps, the inffruments ufed can meafure no 
angle lefs than 10 minutes, or a fide but to the ex- 
a&nefs of a foot The conclufibns of arithmetic and 
geometry are indeed rigoroufly true, but they are only 
hypothetical ; and whenever the quantities, that enter 
any pradical queftion, cannot be meafured, but with- 
in certain limits, it were in vain to look for an an- 
fwer perfectly accurate « The error of the inftrument 
becomes itfelf one of the data ; and we muft con- 
tent ourfelves to find the limits, which the quantity 
fought cannot well exceed, or fall fhort of, by fuch 
rules, as the great Mr. Cotes has left us in his excel- 
lent treatife on the fubjed. 

%* In* 
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2. In like manner, when any phyfical theory is 
deduced from obfervations, its accuracy will ilill be 
in proportion to that of the obfervations, on which it 
is founded. Sir Ifaac Newton, we find, in com- 
puting the ratio of the earth's axis to its equatorial 
diameter, confines himfelf to a reafonable approxi- 
mation, and to three places of figures* (229 to 230) ; 
becaufe, whether that ratio is deduced from the dif- 
ferent lengths of ifochronous pendulums in different 
latitudes, from the meafurement of diftant degrees 
of a meridian, or from both -, the elements of the 
calculus can fcarcely furnifh a greater degree of ex- 
a&nefs. And of the fame judicious caution we have 
many other examples in the works of that incompa- 
rable author. 

3. On the other hand, when obfervations arid 
theories are brought together, and compared, nothing 
can be juftly inferred againft a theory from its dis- 
agreement with the obfervations, unlefs that difagree- 
ment is greater, than can be fairly imputed to the im- 
perfection of inftruments, and to the unavoidable 
mistakes of an obferver ; efpecially, if the difference 
fhould be fome times in excefs, and at other tirties in 
defed ; or, according to fome of the obfervations, 
fliould intirely vanifh. 

4. Altho' thefe rules, manifestly well-founded, 
have been followed by all the beft writers, our au- 
thor obferves, that feveral ingenious men, both in 
France, and in Italy, have deviated from them 5 par- 
ticularly in treating of the famous queftion concern- 
ing the figure of the earth. Some, with Mefiieurs 
Clairaut and Bouguer, attributing too much to the 
obfervations, that have been made, and taking them 

for 
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for abiblutely exa&> have concluded Sir Ifaac New- 
ton's reafonings on that fubje#: to be faulty ; while 
Father Bofcowk > a Jefuit at Rome* making them 
quite loofe and uncertain, thinks no argument at all 
can be drawn from them* concerning the earth's 
figure ; far lefs in confirmation of the Newtonian 
theory. 

j. In opposition tothefe two extremes, equally con- 
trary toreafon, as they are to eachother, F. Frifi writes 
the treatife now before us; in the introdudion to which 
he fhews, i. That, altho' the ratio of the axis of the 
earth to its equatorial diameter is, from ML de Mau > 
pertuis's operations in Lapland, and afterwards in 
France, that of 177 to 178 ; and by the theory only 
229 to 230; yet the difference is no more, than what 
might arife from a miftake of about 60 toifes in the 
meafure of either of the two degrees, that are com- 
pared, or of 30 toifes in each of them. Or, fuppofe 
the meafure of the arcs to be exadt, the fame dif- 
ference might be owing to an error of 4 or 5 fe- 
eonds in the agronomical part. And fuch errors* 
or others equivalent to them, in a courfe of fo ma- 
ny combined operations, our author looks upon as 
difficult to be avoided* But he adds, if the obser- 
vations of M. de Maupertuis, and his fellow acade- 
micians, feem to differ from the theory, thofe of" 
Meffieurs Bouguer and de la Condanaine exa&ly 
agree with it : According to whom* a degree at the 
equator, containing 5:6753 toifes, and in latitude 
49° 22' 57 1 S3 toifes^ the difference of the axis anJ 
equatorial diameter comes out to be ^\ ■§. 

6 . In anfwer to F. Bofeowic r and. thofe who make 
i*o account of the observations, our author allows^ 

that, 
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that, if they were fuch, as M. Caffini, and fome other 
academicians, made in France, of the meafure of a 
parallel of latitude, they could not be much depended 
on ; that method being liable to feveral obvious incon- 
veniencies. But he infifts, that, with the excellent in- 
ftruments, which were ufed, and, confidering the dif- 
tinguifhed fkill of the obfervers, as well at the polar 
circle as in France, and at the equator, the error upon 
one degree of the meridian could not exceed 60 or 
70 toifes ; which is a degree of exadtnefs not only 
fufficient for the determination of the firft queftion, 
viz. whether the fpheroid of the earth is flat or 
long ; but likewife to found an agreement between 
the obfervations and the theory, as near as can be ex- 
pected or defired. 

7. The work itfelf is divided into ten chapters : 

I. De obfervationibus -circa telluris figuram hadtenus 
inftitutis. 

II. De principiis et hypothefibus quibufdam. 

III. De rotatione corporum, et vi centrifuga. 

IV. De mutationibus ex motu circulari ortis. 

V. De attra&ione corporum rotundorum. 

VI. De comparatione gravitatis in variis homogeneae 
fphaeroidis locis. 

VII. De figura terrae. 

VIII. De gradibus meridiani et parallelorum. 

IX. De loxodromiis nautarum, de parallaxi lunasj 
et aliis ex eadem theoria pendentibus. 

X. De theoriae et obfervationum confenfu. 

8. In chap. 1. we have a fhort hiftory of the in- 
quiries, that have been made into the magnitude and 

Agure 
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figure of the earth down to the prefent times -, and 
the preference is juftly given to the meafurements of 
Mr. Norwood in England, A. D. 1635, and of the 
members of the French Academy of Sciences^ fince 
that time. From thefe he gathers, that, within left 
than <Jo or 70 toifes, the lengths of a degree of the 
meridian are as follows : 

* 1 Toifes. 

Lat o o S&753 

45 ° S7 l0 ° 
49 " f/i83 
n o 57300 
66 20 57400 

9. Chap. II. contains an account of the principles, 
on which this theory is founded 5 viz. the univerfal 
gravitation of matter, and the diurnal rotation of the 
earth. Our author mentions like wife the hypothefis 
of the earth's being originally in a fluid ftate ; but re- 
je&s it as precarious and improbable. He allows how- 
ever, that, with regard to the prefent queftion, it is 
all one whether it was firft a fluid or not, feeing the 
ocean is circumfufed juft in the fame manner, and 
to the fame altitude, as if the whole was ftiil a fluid, 

10. Chap. III. and IV. are employed in the doc- 
trine of centrifugal forces, and their effedfc in changing 
a fluid fphereinto the form of an oblate fpheroid. 
In the former of thefe chapters, the author refolves, 
as ufual, the centrifugal force of a particle into two 
others; erne, that a<fts diredUy contrary to the gravita- 
tion of the particle 5 and the other a force in a di- 
rection perpendicular to it* And this laft he confiders 

B again 
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again as a&ing laterally upon the contiguous particles 
impelling them towards the equator. But the quan- 
tity of this force* when greateft at the o&ant, he 
computes to be only -gjTiTS °^ & yt & rce of gravity $ 
and therefore, fays he, it may be fafcly neglected. 
The truth is, after the fpheroid is come to be in a 
permanent ftate, and all its parts in <equilibrio t there 
is no longer any fuch lateral force at all; it being 
now intirely fatisfied by the gradual contraction of 
the earths axis. 

1 1.* The general contents of the following chap- 
ters are fufficiently expreffed in their titles already 
given. Nor can we be more particular, without 
entering into a detail of algebraical operations, which 
would be improper for this place ; and which is the 
lefs necefikry, as the fame tiling* have been treated 
of by feveral other authors. 

This does not, however, in the leaft detrad from 
the merit bf F. Frifij who difcovers throughout 
this work much acutenefs and fkill, joined with all 
the candor and ingenuity, that become a philofopher, 
And as he has not yet exceeded hk 23d year, it may 
be expedted, that the fciences will one day be greatly 
indebted to him ; efpecially as we find him adnaatty 
engaged in compofing a complete body of phyficor 
mathematical learning. 

i 2. There is only, in his VI. Chapter, a criticiftfi 

upon one of Sir Ifaac Newton's demonftratkms, in 

which we cannot agree with this kgemious author. 

And as this demonstration has proved a ftumbling- 

block, not only to F. Frifi> but to many other learned 

men > we {hall be obliged to confider mat part of it, 

which has been miftaken, at feme length, by the 

help of the following fcheme : 

In 
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In which let the ellipfis ApBqA y whofe axes AB % 
pa, ar e in any given ratio, as of m to n, have the cir- 
cles apbq> and APB^j, infcribed and circumfcribed 
to it : And if the figure revolves on the axis Pj^ 
there will be generated an oblate fpheroid ApBqA, 
with two fpheres, the greater circurrifcribed to the 
fpheroid, and touching it in its equator APA, and 
tiie leffer infcribed and touching it in the poles pq ; 
the folid content of the fpheroid being the firft of 
the two mean proportionals between the folidity of 
the exterior fphere, and that of the interior. 

But if the figure revolves on the axis AB r there 
wUl be generated a prolate fpheroid ApBqA y infcribed 
in die exterior fphere at the poles AB 9 and circum- 
fcribing the interior fphere at the equator pqp r its fo- 
lk! ity being the fecond of the above mean proportion- 

B 2 als* 
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als. So that if and P ftand for the folidities of 
the oblate and prolate fpheroids, and S, s, for the 
two fpheres ; S :0 : P : s —> are in the continued 
proportion of m : n. And S : P, or : s ; ; m z : #\ 
As 5 : j : : m l : « 3 . 

Or we may with Sir Ifaac Newton conceive of the 
genefis of thefe folids as follows, i . Let the fphere 
APBQ be uniformly comprefled in the direction of 
its axis P§>j) till that axis is diminished to pq> and 
the fphere changed into the oblate fpheroid. 2. Let 
this fpheroid be equally comprefled in the diredioa 
of that diameter of its equator, which is perpendicu- 
lar to pq and AB, or to the plane of the figure ; and 
it will degenerate into the prolate fpheroid, whofe 
poles are A and B. ?.■ Let this laft be comprefled in 
the dire&ion of its axis AB> till it is changed inta 
the fphere apbq\ and, in each of thefe compreflions, 
the folidfpace, which the body contains will be di- 
minished in the ratio ofm to n. 

Now, as the determination of the earth's figure de- 
pends not only upon that of the ratio of the centri- 
fugal force, by which a body tends to recede from 
the alcis of rotation to the power of gravity j but 
likewife, upon the decrement of gravitation arifing 
from, the body's being in that rotation actually re- 
moved to a greater diftance from the centre: iris 
iwar fenough, that we know, from the experiments 
with pendulums, the centrifugal force at the $qpa$oir 
to be about li^ of the force of gravity. We need, 
farther, tW€ * djftba: proportions * one: ta (kterrtiine 
the attra&ive force of a fpheroid at ita fpje j and the 
othet to determine its attraction at tfee equ|tor, 
The firft of thefe we * have in Princif* lih i. prop. 

9 U 
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91. and the fecond has been fupplied by feveral 
authors. But Sir Ifaac, who feldom does any thing 
in vain, found > that he could, by one of his artifices, 
make that 9 ift propofition ferve likewife to determine 
the attraction at the equator, by the following argu- 
ment : 

Let G be the attra&ion of the exterior fphere at A\ 
and let the decrement of that attraction, when the 
fphere is diminifhed into the oblate fpheroid ApBq y 
be d *, and ^ the decrement of this laft attraction, 
when the oblate fpheroid is.diminifhed into the pro- 
late, whofe poles are^i?.* then, I fay, dis nearly 
equal to <T ; the difference of the axes of the gene- 
rating ellipfe being fmalL 

For the attractive matter, that is taken away, has, 
in both cafes, the fame ratio to the matter, that is 
left ; and its pofition, with refpeCt to that which is 
left, is, in both cafes, nearly the fame: And there- 
fore the fucceffive attractions will be nearly in con- 

tinued proportion, G:G — d ; : G — d -f- £ ~ . CK 
multiplying and rejecting d 1 as inconfiderable, Gd— 
GJ\ and d=$. 

Thus, if the attractions of the fphere APBQj, and 
of the prolate fpheroid, at its pole A^ be 126 and 
125 refpeCtively ; the attraction of the intermediate 
oblate fpheroid at its equator will be ixyi : and how 
nearly this approaches to the truth, may be feen from 
an exaCt computation of thofe attractions. For, if the 
axes of the generating ellipfe be iqi and 100, and the 
attractive force at the furface of the fphere 126 ; the 
attraction at the pole of the prolate fpheroid will be 
124.98385 and that at the equator of the oblate 
125.5077; which exceeds the arithmetical mean 

between 



cc 

it 
tc 



C 14 ] 

between the two former , only by .0068 ; that is, by 
about .,-firoth part of the attraction of the oblate 
fpheroid at the equator. 

This reafoning is more (hordy exprefied (Princip. 
lib. iii. Prap. 19.) as follows: 

.... " Gravitas in loco A in fphaeroidem, con- 
<c volutione ellipfeos lApBq) circa axem AB de- 
«« fcriptam, eft ad gravitatem in codem loco A in 

fphasram centro C radio AC defcriptam, ut iif 

ad 12.6* Eft autem gravitas in loco -A in terrain 

media proportional*, inter gravitate* in diaam 
" iphaeroidem et fphanaiQi propterea quod Cphaera* 
« diminuendo diametrum P^in ratiqpe 101 ad 100, 
" vertitur in figuram terra; et haec %ura, diminu** 
<c endo in eadem rations d iametrum tertiam, quae dia- 
" mctris ^^P^^ vertkur in dic4 

a tarn fpfa^oidemi et gravkas in A% m wtroquecafu % 
* € dimmuitur in eadem rutione quam proxime " 

In which the ex F effion « «*!«» r*^'' occurring 
a fecond time has milled F. Frifi and others, to think 
this laft ratio to be hkewife that of the axes, or of 
10 1 to 100: Whereas the ffientity of ratio's here a& 
Verted is to be referred only to die words €< utregue 
€dUk V* the ratio itfelf being not that of the axes, or 
otmto n ; but the half of mat ratio (whatever it is 
found to be by P.rqfc-$i*. lib. i) which the attra<3ioa 
of the fphere has to the pQlat attra&ion of the in^ 
fqribed f^heroid- 

Thfe inadvertence, however, of his own F. Frifi 
charges upon, Sir Baac Newton ; and files it up, as 
the Ixth of the errors, which he %s have been 
^ifeoyered in the Pzinopia. ♦ + . " Ita dura ftahilitae 
u in 1% lib*m. propofitioae tenreftrium axium pro* 

<c portionis 
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u portionis fulcimentum et patrocinium quaerimus, 
" aliud in propofitione eadem fophifma fcfc offert, 
€i quod eorum, quae in principiis mathematicis New- 
" toni naita (/. e. dete&a) funt ha&enus, fextum 
" eft, &c" But we may take it off the file again ; 
and, for the prefent, leave the other five, till they are 
confidered of at more leifure. 

13. In his 10th and laft chapter, our author fums 
up the evidence, and finds, that all the good obferva- 
tions,that have been made, as well by pendulums, as 
by a&ual menfuratioo, concur with the theory, in 
making the ratio of the earth's axis and equatorial 
diameter to be as 229 to 230. This is indeed a fuf- 
ficient confirmation of the theory of gravitation : But 
it mull be obferved, that the coincidence is not per- 
haps quite fo perfect as F. Frifi imagines. That 
ratio correfponds well enough to the exadtnefs, to 
which the firft elements of the calculus can be ob- 
tained j the feftgtb of a fecond pendulum^ and that of 
the earth** equatorial diameter ', from which the cen- 
trifugal force (tst) * s deduced. But, if we fuppofe 
that force to be accurately —•?, and compute more 
rigoroufly, we fhall find the ratio in queftion to be 
very nearly that of 22 f to 226; agreeing ftill with 
the obfervations as well as can be defired 5 and {hew- 
ing, at the fame time, the inimitable art of Sir Ifaac 
Newton in the contrivance and ufe of approxima- 
tions ; feeing the ftridteft calculation raifes the equa- 
tor not the third part of a mean geographical mile 
above what he had found by his method. 

I fent F. Frifi's book to my ingenious and learned 
friend the reverend Mr, Murdock, Fellow of this 
Society^ who has fully confider'd the queftion con- 
cerning 
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cerning the figure of the earth ; and who* after hav- 
ing perufed the book, and difcover'd the above mif- 
take of F. Frifi, fent me the above theorem, and its 
demonftration. He likewife fent me the following 
theorems, which, he fays, he had communicated to 
M. de Bremond, in the year 1740, when he was 
tranflating his treatife on failing : But M. de Bremond 
dying foon after, thofe, who had the care of publish- 
ing the tranflation, printed it incorrect in feveral 
places , particularly the theorems for the prolate fphe- 
roid : On which account, he fays, if they are thought 
worth preferving, they may be inferted in the Philo- 
fhkal TranfaSlioits. 

Poftjcript. 

Theorems for computing the ratio of the attra&ive 
force of a fpheroid, at its pole or equator, to that 
of the infcribed or circumfcribed fphere. 

i, In an oblate fpheroid, the ratio is, 
role 1 1 1 4- — ==:±x A : k 

II m% a * * 

Equator J [ ^c~ f|l* A — ^_ x : * 

2. In a prolate fpheroid, the ratio is, 
Pole 



Equator 




In 
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In which m\ 1, as the greater axis of the generating 
fe is to the lefler. A ht c ircular arc, to the 
radius 1, whofe tangent is \fm 2 — 1, or its reciprocal, 
if n?—\ CT" 'I. And / is the natural logarithm of 

x y^ a - -ii an( * ^the verfed fine of the fame arc. 

JVa/ e, Th e two firft theorems, by fubftituting t 
for y/m*—i> coincide with thofe of Mr. Maclaurin 
for the oblate fpheroitf, in his difiertation on the 
tides. 
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III. A Letter from the Rev. Mr. George 
Coftard, Fellow of Wadham-Gollege, Ox- 
ford, to Dr. Bevis, concerning the Year of 
the Eclipfe foretold By Thales. 

Dear Sir, 
Read Jan, 2$, y THANK you greatly for the ufe of 
I753 * A die Peterfburg Ads, while in Lon- 
don, where Bayer fuppofeth the eclipfe foretold by 
Thales to the Ionians fell out the year before Chrift 
603. Since my return home, upon looking over 
fome papers, that I had formerly drawn up on that 
fubjedt, I find, that I had determined it to have been 
the very fame year. I will not trouble you with the 
chronological arguments, on which I founded that 
determination \ and therefore (hall only tranferibe fo 
much of thofe papers as relates to calculation. 

C Riccioli 



